Introduction and preliminaries
In recent years, there is an increasing interest to study linear positive operators based on certain polynomials, such as Appell polynomials, Laguerre polynomials, Charlier polynomials, Sheffer polynomials, and Hermite polynomials. In 1969, Jakimovski and Leviatan [16] introduced Szász-type operators by using Appell polynomials, as follows: [9] ) and we obtain Szász-Mirakjan operators:
Very recently, the detailed approximation properties of the Szász-type operators were studied in [1, 2, 17] .
The Stancu-type generalization of operators (1.1) was introduced by Atakut and Büyükyazici [5] . Ismail [14] obtained another generalization of the Szasz operators (1.1) by means of Sheffer polynomials. The bivariate Chlodowsky-Szász operators involving Appell polynomials were studied by Sidharth et al. [23] . Recently, Sucu * Correspondence: acuana77@yahoo.com
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et al. [25] constructed positive linear operators with the help of Boas-Buck-type polynomials.The Boas-Bucktype polynomials [15] have generating functions of the form
A(t)B(xH(t))
where A, B , and H are analytic functions: 
h r t r , h 1 ̸ = 0.
(1.5)
We will restrict ourselves to the Boas-Buck-type polynomials satisfying:
iii) The power series (1.2)-(1.5) converging for |t| < R (R > 1).
Sucu et al. [25] introduced the following positive linear operators involving the Boas-Buck-type polynomials B n (f ; x) := 1 6) where x ≥ 0 and n ∈ N .
A(1)B(nxH(1))
Let H(t) = t. Then operators (1.6) reduce to the operators given by Varma et al. [27] . If B(t) = e t , operators (1.6) reduce to the operators given by Ismail [14] . For H(t) = t and B(t) = e t , one can get operators (1.1). In addition, if we choose A(t) = 1 , we get the Szász-Mirakjan operators [26] .
In this paper, we consider the Chlodowsky [8] variant of Szász-type operators given by (1.6), involving the Boas-Buck-type polynomials, as follows:
where (b n ) is a positive increasing sequence such that
The rest of the paper is organized as follows. In the next section some local approximation results by the generalized Szász operators are obtained. Furthermore, in Section 3, a Voronovskaja-type asymptotic theorem will be proved. Section 4 is devoted to studying some convergence properties of these operators in weighted spaces with weighted norm on the interval [0, ∞) by using the weighted Korovkin-type theorems [11, 12] . In order to show the relevance of the results, in the last section some numerical examples are given.
Note that throughout the paper we will assume that the operators B * n are positive and we use the following test functions:
Also, we consider
Some recent papers on the topic dealing with different classes of polynomials as well as Korovkin-type approximation theorems and Voronovskaja-type approximation theorems can be consulted by readers (cf. [6, 7, 10, [18] [19] [20] [21] 24] ).
Local approximation properties of B * n
We denote by C E (R for all x ≥ 0 and some positive finite α and β . For a fixed r ∈ N , we denote C *
} . Using equality (1.2) and the fundamental properties of the B * n operators, one can easily get the following lemmas:
( n bn xH(1)
( n bn xH (1) )
Proof From the generating functions of the Boas-Buck-type polynomials given by (1.2), we obtain
) .
In view of these equalities, we get our desired results. 2
Lemma 2.2 The operators (1.7) verify:
A (1) ,
Theorem 2.1 Let the condition (1.8) hold for
Proof According to Lemma 2.1, taking into account equality (1.8), we find
The above convergence is verified uniformly in each compact subset of [0, ∞) . Applying the Korovkin theorem [3] , we obtain the desired result. 2
Voronovskaja-type theorem
In order to study the Voronovskaja-type theorem for the Chlodowsky variant of Szász-type operators involving the Boas-Buck polynomials, we consider the following assumptions on the analytic functions A, B , and H :
Using assumptions (3.1)-(3.4) and Lemma 2.2, we can obtain the following result:
where
uniformly with respect to x ∈ [0, a] , a > 0 , where l i (x) , i = 1, 2 , are defined in (3.1) and (3.2) .
Proof Using the classical Taylor expansion of f yields
Applying the operator B * n (·, x) on both sides of (3.5), we have
Using the Cauchy-Schwarz inequality in the last term of the right side of (3.6), we get
Since ε(t, x) → 0 as t → x , it follows from Theorem 2.1 that
uniformly with respect to x ∈ [0, a]. Now, from (3.6) and Lemma 3.1, we have the required result. 2
Approximation properties in weighted spaces
Since the uniform norm is not valid to compute the rate of convergence in the case of a boundless function defined on the noncompact interval [0, ∞) , in this section we give approximation properties of the operators B * n on the weighted spaces of continuous functions with exponential growth on [0, ∞) . In order to obtain this result, we consider the following weighted spaces of functions that are defined on [0, ∞) . Let ρ(x) be the weighted function and M f be a positive constant. Considering the following sets of functions,
it is obvious that C *
) is a normed linear space with the following norm: 
Theorem 4.1 ([11, 12] ) Let (B n ) n≥1 be the sequence of positive linear operators that act from
Proof Using Lemma 2.1, one has
A(1) .
Since lim n→∞ b n n = 0 and using condition (1.8), there exists a positive M such that
This completes the proof. 
By means of Lemma 2.1, we get
( n bn xH (1) ) B ( n bn xH (1) ) − 1 x
A(1)
( n bn xH (1) ) B ( n bn xH(1)
Using conditions (1. Applying Theorem 4.1, we obtain the desired result. 2
Numerical examples

Appell polynomials
Appell [4] introduced the sequences of n -degree polynomials R n , n = 0, 1, . . . satisfying the recursive relation 
There exists a power series A(t) =
A (1) ;
A (1) .
Lemma 5.2 The operators B R
n verify:
] .
Lemma 5.3 The operators B
R n verify:
Theorem 5.1 (Voronovskaja-type theorem) For every
uniformly with respect to x ∈ [0, a] , a > 0 .
Since the classical modulus of continuity of first order ω(f ; δ), δ > 0 does not tend to zero, as δ → 0 on [0; ∞), we consider the weighted modulus of continuity defined by Yüksel and Ispir (see [28] ). Let ρ(x) = 1 + x 2 be the weighted function. For f ∈ C * ρ (R + 0 ) , the weighted modulus of continuity (see [28] ) is given by
The weighted modulus of continuity Ω(f, δ) satisfies the following properties:
Proof For x ∈ (0, ∞) and δ > 0, by the definition of the weighted modulus of continuity and Lemma 5.4, we get
Applying B R n (·; x) for both sides, we can write
From Lemma 5.2, it follows that
Applying the Cauchy-Schwarz inequality in the last term of (5.2), we get
Combining the estimates (5.2)-(5.4) and taking δ := δ n = √ K R 0 (n) , we reach the required result. 2
The special choices of A(t) give the following well-known polynomials.
Hermite polynomials of variance ν
n (x) is the Hermite polynomials of variance ν (see [22] ), which have the explicit representation 
Under the assumption ν ≤ 0 , restrictions i)-iii) and assumptions (1.8) for the operators B (H) n are verified.
Theorem 5.3 For every
uniformly with respect to x ∈ [0, a] , a > 0. 
Gould-Hopper polynomials
) is the Gould-Hopper polynomial (see [13] ). The explicit representation of these polynomials is given as:
where [·] denotes the integer part. 
uniformly with respect to x ∈ [0, a] , a > 0 . 
Laguerre polynomials
These polynomials are one of the most important classical orthogonal polynomials. The Laguerre polynomials are Boas-Buck-type polynomials with A(t) = 1
and α is a nonnegative integer. The Laguerre polynomial of degree k is defined as
In order to ensure restrictions i)-iii) and assumptions (1.8), we modify the generating function of Laguerre polynomials as follows:
Denote by B L n the Chlodowsky variant of Szász-type operators involving the Laguerre polynomials. Then,
) 
Charlier polynomials
These polynomials have generating functions of the form (see [15] ) 
